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Abstract
The natural convection on a vertical radially stretching surface is studied. The resulting flow is a new
exact similarity solution of the Navier–Stokes and energy equations. Asymptotic properties and uniqueness
are shown.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Free convection; Stretching boundary; Naviev–Stokes
1. Introduction
The study of the flow due to a stretching sheet is important in the extrusion of sheet materials.
It also yields rare exact similarity solutions of the Navier–Stokes equations. For vertical stretch-
ing sheets, the fluid flow is influenced by natural convection if there is a difference between
the temperature of the sheet and the ambient temperature. Wang [1] first studied such natural
convection on a two-dimensional stretching sheet. Daskalakis [2] considered variable surface
temperature using the simplified boundary layer equations. The addition of suction on the sur-
face was investigated by Vajravelu [3] and Gorla and Sidawi [4]. It is interesting to note that
Ref. [4] did not acknowledge Ref. [1] even the first figures were identical. The above sources
all considered the two-dimensional stretching sheet, where the basic flow problem is the exact
closed form stretching solution of Crane [5].
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closed form solution does not exist even for the basic flow problem. Radial stretching occurs on
surfaces such as expanding balloons.
2. Formulation
Figure 1 shows a vertical surface stretching radially with velocity proportional to the dis-
tance from the origin. The sheet has constant temperature Tw which differs from the far field
temperature T∞. The continuity, Navier–Stokes and energy equations under the Boussinesq ap-
proximation are
ux + υy + wz = 0, (1)
uux + υuy + wuz = ν∇2u + g¯β(T − T∞), (2)
uυx + υυy + wυz = ν∇2υ, (3)
uwx + υwy + wwz = −pz/ρ + ν∇2w, (4)
uTx + υTy + wTz = D∇2T . (5)
Here (u,υ,w) are velocity components in the Cartesian (x, y, z) directions respectively, ν is
the kinematic viscosity, g¯ is the gravitational acceleration in the −x direction, β is the thermal
expansion coefficient, p is the pressure, ρ is the bulk density, and D is the thermal diffusivity.
The boundary conditions are that on the surface at z = 0,
u = ax, υ = ay, w = 0, T = Tw (6)
Fig. 1. The radially stretching surface.
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u = 0, υ = 0, T = T∞, p = p∞. (7)
The problem is formidable as it stands. However, if the sheet is infinite, a similarity transform
exists. Let
u = axf ′(η) + g¯β(Tw − T∞)h(η)/a, υ = ayf ′(η), w = −2√aνf (η), (8)
T = T∞ + (Tw − T∞)θ(η), (9)
where
η =√a/νz. (10)
Then Eq. (1) is automatically satisfied, Eqs. (2), (3), (5)–(7) reduce to the nonlinear ordinary
differential equations
f ′′′ + 2ff ′′ − (f ′)2 = 0, (11)
f (0) = 0, f ′(0) = 1, (12)
lim
η→∞f
′(η) = 0, (13)
h′′ + 2f h′ − f ′h + θ = 0, (14)
h(0) = 0, lim
η→∞h(η) = 0, (15)
θ ′′ + 2Pf θ ′ = 0, (16)
θ(0) = 1, lim
η→∞ θ(η) = 0. (17)
Here P = ν/D is the Prandtl number. Equations (11)–(13) were a special case of [6]. Numeri-
cal integration by shooting yields more accurate values of f ′′(0) = −1.17372165 and f (∞) =
C = 0.751486. Equation (4) is then integrated for the pressure
p = p∞ − 2ρνa
(
f 2 + f ′ − C2). (18)
3. Some analytical considerations
Lemma 1. The functions f , h, θ all decay exponentially.
Proof. For large η set
f ∼ C + ϕ, h ∼ ψ, θ ∼ χ (19)
where ϕ, ψ , χ are smooth and tend to zero. Equations (11), (14), (16) give, for the leading orders,
ϕ′′′ + 2Cϕ′′ = 0, (20)
ψ ′′ + 2Cψ ′ + χ = 0, (21)
χ ′′ + 2PCχ ′ = 0. (22)
Equations (20), (22) show ϕ decays as exp(−2Cη) and χ decays as exp(−2PCη). From Eq. (21)
ψ decays as exp(−2Cη) if P  1 and exp(−2PCη) if P < 1. 
Lemma 2. f  0, f ′ > 0, f ′′ < 0, f ′′′ > 0.
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−2ff ′′′ = f ′′′′. (23)
Thus
f ′′′ = A exp
[
−2
η∫
0
f (s) ds
]
(24)
which means f ′′′ is of one sign. From Eqs. (11), (12) one gets f ′′′(0) = 1. Thus from Eq. (24)
A = 1 and f ′′′ > 0. Integrating again,
f ′′ = −
∞∫
η
exp
[
−2
t∫
0
f (s) ds
]
dt (25)
where we have applied the condition f ′′(∞) = 0. We see that f ′′ < 0. Thus the function f ′
decays to zero monotonically and f ′ > 0. Furthermore the function f increases from zero to
some limit C > 0 and f  0. 
Theorem. The functions f , h, θ are unique.
Proof. Let there be two solutions for f , namely f1, f2. Let φ = f2 − f1. From Eqs. (11), (12)
φ′′′ = (f ′2 + f ′1)φ′ − 2(f2φ′′ + f ′′1 φ), (26)
φ(0) = 0, φ′(0) = 0, φ′(∞) = 0. (27)
Suppose φ′′(0) < 0. Then initially φ  0, φ′  0, φ′′ < 0. Since φ′ is continuous, it must have
a minimum in order to decay (exponentially) to zero again. At the minimum, φ < 0, φ′ < 0,
φ′′ = 0, φ′′′ > 0. From Lemma 2, f ′ > 0 and f ′′ < 0. Equation (26) shows φ′′′ < 0 which is a
contradiction. Similar arguments for φ′′(0) > 0 also lead to a contradiction. Thus φ′′(0) = 0 and
the initial value problem shows φ ≡ 0. The solution for f is unique.
Next we turn to Eqs. (16), (17). The solution is explicit
θ = B
∞∫
η
exp
[
−2P
t∫
0
f (s) ds
]
dt (28)
where
B =
{ ∞∫
0
exp
[
−2P
t∫
0
f (s) ds
]
dt
}−1
. (29)
Since f is unique, so is θ . For Eqs. (14), (15) let h1, h2 be two solutions and  = h2 −h1. Since
f and θ are unique we have
 ′′ = f ′ − 2f ′, (30)
(0) = 0, lim
η→∞(η) = 0. (31)
Suppose  ′(0) < 0 then initially  < 0 and there must be a minimum where  < 0,  ′ = 0
and  ′′ > 0. From Lemma 2 and Eq. (30)  ′′ < 0 which is a contradiction. Similarly  ′(0) > 0
also leads to a contradiction. We find  ≡ 0 and the solution for h is unique. 
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Since no closed form solution to Eqs. (11)–(17) exists, they are integrated numerically. One
can successively solve for f , θ , then h. The method is to guess the missing initial value and shoot
for the condition at infinity. An accurate fifth order Runge–Kutta algorithm is used. Lemma 1
shows the exponential decay of the functions, and “infinity” is about η ≈ 15 in most cases.
Unlike two-dimensional stretching, the basic flow f has no closed form solution and is integrated
numerically as in [6]. Although the temperature θ can be expressed as an integral in Eq. (28), it
is easier to integrate numerically by shooting for each given Prandtl number. After f and θ are
found, Eqs. (14), (15) are integrated for h. Table 1 shows the results.
Table 1
Initial values for various Prandtl numbers
P θ ′(0) h′(0)
0.2 −0.25165 1.77962
0.7 −0.66726 0.70658
2 −1.32391 0.38407
7 −2.72297 0.20331
20 −4.78914 0.12164
70 −9.18731 0.06593
200 −15.7061 0.03933
Fig. 2. The behavior of the function f . Dashed curve is the normalized pressure (p∞ − p)/2ρνa.
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Figure 2 shows the basic flow f and the normalized pressure. The exponential decay proper-
ties are evident. Figure 3 shows the temperature distribution θ and the induced natural convection
h for P = 0.7 (air) and P = 7 (water). Note that the boundary layer is thinner for larger P .
In the case of a constant heat flux q on the stretching surface, one can replace Eq. (9) by
T = T∞ + Eθ(η). (32)
Then
q = −κ ∂T
∂z
∣∣∣∣
0
= −κE√a/νθ ′(0) (33)
where κ is the thermal conductivity. We can set the normalizing factor
E = q−κ√a/νθ ′(0) . (34)
Thus the constant flux case becomes the constant temperature case when θ ′(0) is obtained from
Table 1.
Lastly we mention that the solutions found here are rare exact similarity solutions of the
full Navier–Stokes and energy equations. In Appendix A we present the related exact similarity
solution of the uniform flow over a radially stretching surface.
Appendix A
The uniform flow over a two-dimensional stretching surface was considered by Danberg and
Fansler [7] and Wang [8]. Here we study the uniform flow of velocity U parallel a radially
stretching surface. Let
u = axf ′(η) + Ug(η), υ = ayf ′(η), w = −2√aνf (η). (35)
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gf ′ − 2fg′ = g′′, g(0) = 0, lim
η→∞g(η) = 1. (36)
Using shooting, we find g′(0) = 0.66534. It can also be shown that (1 − g) decays exponentially
to zero, and that the solution is unique.
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